is a saturated formation containing all supersolvable groups. Moreover, H G is the normal core of the subgroup H in G; |G| denotes the order of G and π(G) means the set of prime divisors of |G|.
By N(G) denote the intersection of the normalizers of all subgroups of G and by ω(G) denote the intersection of the normalizers of all subnormal subgroups of G. Those concepts were introduced by R. Baer and H. Wielandt in 1934 and , respectively, and were investigated by many authors, for example, see [1] [2] [3] [4] [5] 7, 9, [16] [17] [18] . In [13] , Li and Shen considered D(G), where D(G) is the intersection of the normalizers of the derived subgroups of all subgroups of G. That is
where H is the derived subgroup of H . In this paper, we consider the intersection of the normalizers of the nilpotent residuals of all subgroups of G and give the following: Definition 1.1. Let G be a finite group. By S(G) denote the intersection of the normalizers of the nilpotent residuals of all subgroups of G. That is
where H N is the nilpotent residual of H . 
Obviously, S(G) is a characteristic subgroup of G. Let Z ∞ (G)
beZ ∞ (G) C G G N
S(G).
We give two examples on S(G) as remarks, which are useful in Sections 3 and 4. Example 1.2 indicates that the subgroup S(G) may be non-supersolvable. Example 1.3 shows that D(G) < S(G) is possible when G is a nilpotent group. 6 and
The case that S(G) = 1 is possible for a solvable group G. For instance, the symmetry group S 4 of four letters satisfies S(S 4 ) = 1. Proof. Let H be any subgroup of G.
Now the result follows. 2
Notice the conclusion of Theorem 1.4 is false if one removes the additional condition, see the following example.
Proof. Let A = (123), (12) 
Write S ∞ (G) for the terminal term of the ascending series.
Basic properties
In this section we prove some basic properties of the subgroups S(G) and S ∞ (G).
Proof. Each subgroup of G/N possesses the form H/N, where H is a subgroup of G containing N
the terminal term of the ascending series of G/N. We claim that S
Proposition 2.4. For any group X , the subgroup S ∞ (X) is solvable.
Proof. Clearly, we need only to show that S( X) is solvable. Write G = S( X). Then G has the property: the nilpotent residual of every subgroup of G is normal in G. Let M be a maximal subgroup of G. 
We claim the following conclusions.
Step 1. For any prime q with q = p, G/C is q-nilpotent.
Suppose contrary for some fixed q, so that G/C is a non-q-nilpotent. Thus there exists a non-q-
Step 2. G/C is p-closed, that is, the Sylow p-subgroup C P /C of G/C is normal.
By step 1, G/C is q-nilpotent, so let H(q)/C be the normal Hall q -subgroup of G/C for every prime q with q = p. Write
As H(q)/C is a q -group and P H(q) for all q, we see that T /C is a Sylow p-subgroup of G/C and normal, as desired.
Step 3. G N T .
By step 2, G/T is a p -group. Then there exists a p -subgroup W of G such that G = T W . Then N normalizes W N and hence centralizes W N . Consequently, W N C , and it follows that G/T is nilpotent. Thus G N T .
Step 4. Finishing the proof.
As P is a Sylow p-subgroup of T containing N, then N ∩ Z (P ) = 1, there exists an element x such that x ∈ N ∩ Z (P ) and x = 1. Now C C G (x) and P C G (x), it follows that T C G (x). Consequently,
F nn -groups
In the section, groups in F nn are characterized by means of the subgroup S ∞ (G).
Lemma 3.1. The following properties of the group G are equivalent:
We can now give a new characterization of F nn -groups.
Theorem 3.2. Let G be a finite group. Then the following statements are equivalent:
We use induction on the order of G. If S(G) = 1, then nothing needs to be shown. Suppose that S(G) > 1. So that we can find a minimal normal subgroup N of G such that N S(G).
By Proposition 2.4, S(G) is solvable, so N is an elementary abelian p-group for some prime p.

Firstly let N Φ(G), the Frattini subgroup of G. By Lemma 2.2, S(G)/N S(G/N). It follows that (G/N)/S(G/N) is in F nn since G/S(G) ∈ F nn . We thus have that G/N satisfies the condition of the theorem. By induction, (G/N) N = G N N/N is nilpotent. As N Φ(G), it follows by [12, III, Satz 3.5]
that G N N is nilpotent and hence G N , which gives G ∈ F nn , as desired. 
Nextly let N Φ(G). Then there is a maximal subgroup
M of G such that G = N M with N ∩ M = 1.
By Proposition 2.1, M ∩ S(G) S(M). Thus, by hypothesis that G/S(G) ∈ F nn , and as G/S(G) ∼ = M/(S(G) ∩ M), we have M/S(M)
We first observe the following simple fact: i = 0, 1, 2 [15] and Hall [11] .) Let G be a group. Then the following statements are true:
Using this fact and noting that S(G/S
∞ (G)) = 1, we deduce G = S ∞ (G). (iii) ⇒ (i): As S ∞ (G/S(G)) = S ∞ (G)/S(G), by induction, G/S(G) ∈ F nn . It follows by Theorem 3.2 that G ∈ F nn . (i) ⇒ (iv):
See the argument of (ii). (iv) ⇒ (iii): By definition, S(G/S i (G)) = S i+1 (G)/S i (G). As S(G/S i (G)) > 1 by hypothesis, i.e., S i+1 (G) > S i (G) for
(i) The subgroups of an S-group are S-groups; (ii) The quotient groups of an S-group are S-groups; (iii) If G is a nilpotent group or a minimal non-nilpotent group, then G is an S-group.
Lemma 4.3. (See Robinson
(i) G
is a supersolvable group if and only if there is a normal nilpotent subgroup N of G such that G/N is a supersolvable group. (ii) G is a nilpotent group if and only if there is a normal nilpotent subgroup N of G such that G/N is a nilpotent group.
By Lemma 4.3, we have:
Theorem 4.4. Let G be a group. Then the following statements are true: (i) Assume G is an S-group. Then G is a supersolvable group if and only if G/(G N ) is a supersolvable group. (ii) G is a nilpotent group if and only if G is an S-group and G/(G N ) is a nilpotent group.
Theorem 4.5. If G/(G N ) is a minimal non-nilpotent group and G N is of nilpotency class 2, then G is an S-group.
Proof. Assume that the theorem is false and let G be a counterexample of minimal order. By Proof. Assume that the theorem is false and let G be a counterexample of minimal order. By [8] ). In [13] , Li and Shen considered the following problem: study the finite groups all of whose minimal subgroups normalize each derived subgroup of every subgroup of G.
In this section, we study the finite groups all of whose minimal subgroups normalize the nilpotent residual of every subgroup of G. 
Remark.
(G/O p (G)) = l p (G). We may assume that O p (G) = 1. Let P be a Sylow p-subgroup of S(G). By Theorem 3.2, S(G) N is nilpotent. Thus O p (G) = 1 implies S(G) N is a p-group, and hence P is normal in G. Also, F p (G) = O p ,p (G) = O p (G). As G is p-
